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We show that the De Donder-Weyl (DW) covariant Hamiltonian field equations of
any field can be written in Duffin-Kemmer-Petiau (DKP) matrix form. As a conse-
quence, the (modified) DKP matrices βµ (5×5 in four space-time dimensions) are of
universal significance for all fields admitting the DW Hamiltonian formulation, not
only for a scalar field, and can be viewed as field theoretic analogues of the symplec-
tic matrix, leading to the “k-symplectic” (k=4) structure. We also briefly discuss
what could be viewed as the covariant Poisson brackets given by β-matrices and the
corresponding Poisson bracket formulation of DW Hamiltonian field equations.
In the end of the thirties is was observed [1] (see [2] for historical details) that the
first order form of the Klein-Gordon and the Proca field equations can be represented in
the Dirac-like matrix form
βµ∂µU −mU = 0, (1)
where β-matrices fulfill the relation
βµβνβλ + βλβνβµ = βµδνλ + βλδνµ (2)
which defines the so-called Duffin-Kemmer-Petiau (DKP) algebra (for a textbook intro-
duction see, e.g., [3, 4]).
Later on similar considerations have been extended to higher-spin theories [5–7], gauge
fields [8,9], curved space-time [10], and even to the Einstein gravity [9,11] and arbitrary
non-linear equations (see [4,9,11] and the references therein). From a more mathematical
point of view DKP algebras have been considered, e.g., in [7, 12–14].
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The starting point of DKP formulation (1) is the Lagrangian framework since the
components of the wave function U in (1) are essentially the field variables and their first
space-time derivatives. For example, for the scalar field φ eq. (1) is a matrix formulation
of the first order form of the Klein-Gordon equation φ = m2φ:
∂µφ = mφµ,
∂µφ
µ = mφ (3)
A particular representation of β-matrices arises from rewriting (3) in the form (1) using
the column wave function U := ( 1
m
yµ, y)
T .
Recently, we have argued that another first order form of the field equations is of
interest in field theory since it represents a manifestly covariant generalization of the
Hamiltonian formulation from mechanics to field theory [15]. We mean the so-called De
Donder-Weyl (DW) formulation [16] which can be summarized as follows. Let us consider
a field theory given by the Lagrangian density L = L(ya, yaν , x
µ) which is a function of
field variables ya, first derivatives (jets) of fields yaν = ∂νy
a, and space-time variables xµ
(µ = 1, ..., n). Then we can define a set of variables pµa := ∂L/∂y
a
µ, called polymomenta,
and the analogue of the Hamilton canonical function H := pµay
a
µ − L = H(y
a, pµa , x
ν),
called the DW Hamiltonian function, such that the Euler-Lagrange field equations take
the DW Hamiltonian form
∂µy
a = ∂H/∂pµa ,
∂µp
µ
a = −∂H/∂y
a. (4)
A comparison of (4) with (3) suggests an idea of representing the DW Hamiltonian
equations (4) in a matrix form similar to (1).
Let us first discuss what would be an analogue of the procedure under discussion
for a mechanical system with a single degree of freedom. In this case we have the
configuration space variable q and the conjugate momentum variable p which fulfill the
Hamilton equations of motion
∂tq = ∂H/∂p,
∂tp = −∂H/∂q. (5)
If we introduce a column matrix corresponding to the phase space vector z := (p, q)T
equations (5) can be written in the matrix form
∂tz = ω
−1∂zH, (6)
where
ω :=
(
0 1
−1 0
)
is the symplectic matrix. Alternatively, one can rewrite (6) in the form resembling (1)
ω∂tz = ∂zH. (7)
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The objective of this paper is to demonstrate that the DWHamiltonian field equations
(4) can be written in the form of DKP equations and to argue that in this case β-matrices
can be viewed as field theoretic generalizations of the symplectic matrix in mechanics.
Henceforth we assume for simplicity the space-time to be four-dimensional Euclidean,
R
4 (a generalization to other dimensions and signatures is rather straightforward). First,
we consider a scalar field theory with a single field variable y ∈ R. Let us introduce
the five-component quantity Zv := (p1, p2, p3, p4, y)T ∈ R4 ⊕R, v = 1, 2, ..., 5 (for clarity,
we drop the dimensionful factors which may be easily restored when necessary). Then,
similarly to (3) and (1), the DW Hamiltonian equations (4) can be represented in the
matrix form
βµuv∂µZ
v = ∂H/∂Zu, (8)
where β-matrices (= “the modified DKP matrices”) are as follows
β1 =


0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−1 0 0 0 0

 β
2 =


0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 −1 0 0 0


(9)
β3 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 0 0
0 0 −1 0 0

 β
4 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
0 0 0 −1 0

 .
From the comparison of (8) with (7) it becomes obvious that β-matrices (9) are in a
sense field theoretic analogues of the symplectic matrix in mechanics. More specifically,
they represent the so-called “k-symplectic” structure given by the set of k = 4 symplectic
forms Ωµ := dpµ ∧ dy:1
Ωµ = βµuvdZ
u ∧ dZv. (10)
By direct evaluation one can establish that β-matrices fulfill the following relation
βµβνβλ + βλβνβµ = −(βµδνλ + βλδνµ) (11)
which is similar to the defining relation of the DKP algebra, eq. (2), up to a sign factor
in the right hand side. The minus sign in (11) could be absorbed in redefinition of
β-matrices: β → iβ, but in the present context this redefinition seems to be unnatural
and will not be used in what follows.
1Note, that the notion of the “k-symplectic” structure was introduced in [17] (see also [18] and
the references therein). Recently it found interesting applications in studying wave propagation in open
systems [19]. Note also that our β-matrices are 4-dimensional analogues of matrices K and M introduced
in [19] in two space-time dimensions, our H corresponding to −S in [19].
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As a consequence of (11) we obtain the properties of β-matrices
β3µ = −βµ,
βµβ
2
ν + β
2
νβµ = −βµ (µ 6= ν),
βµβνβµ = 0 (µ 6= ν),
β2µβ
2
ν = β
2
νβ
2
µ (12)
which are similar, up to a sign, to the usual properties of DKP matrices (see, e.g., [1,3]).
The extension of the present formulation to the multicomponent fields is different
from the usual way the DKP formulation is extended from scalar to vector fields (cf. [3]).
Instead of a multicomponent column variable here we introduce the 5×m matrix, Zva,
of field variables ya (a = 1, ..., m) and polymomenta pµa
Zva :=


p11 p
1
2 ... p
1
m
p21 p
2
2 ... p
2
m
p31 p
3
2 ... p
3
m
p41 p
4
2 ... p
4
m
y1 y2 ... ym

 . (13)
Then the DW canonical equations (4) for an arbitrary m-component field can be written
in the form
βµuv∂µZ
v
a = ∂H/∂Z
ua. (14)
We conclude, therefore, that our 5 × 5 β-matrices have a universal significance for all
fields which can be represented in DW canonical form (4), not only for a one-component
scalar field as with the usual DKP formulation.
A similarity between β-matrices and the symplectic matrix in mechanics allows us to
introduce the bracket operation of functions of variables Zu:
{F,G}µ :=
∂F
∂Zu
(βµ)uv
∂G
∂Zv
, (15)
which is antisymmetric, fulfills the Leibniz rule and a generalization of the Jacobi identity:
{{F,G}(µK}ν) + cyclic(F,G,K) = 0, (16)
where A(µν) := 1
2
(Aµν+Aνµ), and thus could be considered as an analogue of the Poisson
bracket. When written in explicit form this bracket coincides with the one put forward
earlier by Good [20] and Tapia [21]. However, the potential problem with the bracket
(15) is that it maps two functions to a vector, and that it is not obvious what is the math-
ematical meaning of the analogue of the Jacobi identity, eq. (16). Besides, although the
bracket (15) allows us to write the DW Hamiltonian equations (4) in bracket formulation:
as a consequence of (8) and (15) we obtain
βµβν∂νZ = β
µ∂H/∂Z = {Z,H}µ, (17)
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it is not clear how this formulation could be extended to more general observables (here,
functions of ya and pµa) to be a proper generalization of ∂tF = {H,F} in mechanics.
Alternatively, one could try to introduce a bracket operation which maps two vectors
to a vector (cf., e.g., the last equation in [22]). However, a satisfactory formula consistent
with a version of the Leibniz rule and the Jacobi idenity so far is not known to us.
Let us recall that in our previous papers [15] another Poisson bracket operation for
the De Donder-Weyl formulation was introduced using a more geometric point of view.
The bracket is defined on differential forms representing observables and is based on the
notion of what we call the polysymplectic form. Whether or not a connection with the
constructions of the present paper can be established is a question yet to be investigated.
In fact, a relationship between DKP and Clifford algebras [13,14] and a geometric char-
acter of the latter, as well as a relation between the “k-symplectic” structure (10) and
the polysymplectic form used in [15], imply such a connection.
A natural question is whether or not the structures described in the present paper,
viewed as field theoretic generalizations of the structures of the Hamiltonian formalism
in mechanics, could be useful for an inherently covariant canonical quantization in field
theory. A natural starting point of quantization of this type would be the “canonical
bracket” following from (15)
{pµa , y
b}ν = −δbaδ
µν . (18)
However, at present it is not known how the Dirac quantization rule should be general-
ized to a ν-indexed bracket. Let us note that a conceptually related approach to field
quantization based on DW Hamiltonian formulation can be developed [23] using the afore
mentioned (graded) Poisson bracket on differential forms.
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